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(m + k,m)~BANDS

VALENTINA MIOVSKA AND DONCO DIMOVSKI

Abstract. In this paper p—zero (m + k, m)—semigroups are defined and
it is proved that there are exactly (m + 1) p—zero semigroups. An
(m+ k, m)—semigroup (Q;[]) which is a direct product of all (m+ 1) p—zero
(m + k, m)—semigroups, defined previously, is called an (m + k, m)—band.
Characterizations of (m + k, m)—bands are given.

1. p-zERO (m + k,m)—SEMIGROUPS

First, we will introduce some notations which will be used further on:
1) The elements of %, where Q° denotes the s-th Cartesian power of @, will
be denoted by z{.

2) The symbol zf will denote the sequence z;,Zit1,...,z; when ¢ < j, and the
empty sequence when ¢ > j.
3)fzy =29 =--- = x; =z, then z§ is denoted by the symbol z.

4) The set {1,2,...,s} will be denoted by N;.

Let @ # @ and n, m are positive integers. If [ ] is a map from Q™ into Q™, then
[1is called an (n,m)—operation. A pair (Q;[]) where []is an (n,m)—operation is
said to be an (n,m) groupoid. Every (n,m)—operation on () induces a sequence
[lis[]2,---,[]m of n—ary operations on the set Q, such that

(Vi €Nm) [27]; = vi) & [o7] = 1"

Letm > 2, k > 1. An (m+k, m)—groupoid (Q;[]) is called an (m+k, m)—semigroup
if for each 7 € {0,1,2,...,k}
i [ k 2k k] ..m
[21 [T 2] = (o7 a5
Definition 1.1. An (m + k,m)—groupoid (Q;[ ]) is said to be a projection
(m + k,m)—groupoid if there are 1 < oy < a3 < ... < ay < m+ k, such
that
[xi”“““] = By Toig-- Loy 5

for any "tk € Qmtk,

Definition 1.2. Let 0 < p < m. An (m + k,m)—groupoid (Q;[]) is said to be a
p—zero (m + k, m)—groupoid if [z7"F] = z’l’x;f‘:}ﬁl , for any zTF € @Mtk
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12 VALENTINA MIOVSKA AND DONCO DIMOVSKI

The operation [ ] for p—zero (m + k, m)—groupoid will be denoted by [ 7. In [1]
m—zero (m + k, m)—groupoid is called left zero (m + k, m)—groupoid, and 0—zero
(m+k,m)—groupoid is called right zero (m +k, m)—groupoid. Left and right zero
(m + k,m)—groupoids are examples of (m + k, m)—semigroups.

Proposition 1.3. Any p—zero (m + k, m)—groupoid (Q;[]P) is an
(m + k,m)—semigroup.
Proof. Let (Q;[]?), 0 < p < m be a p—zero (m + k, m)—groupoid. Then:

s . P p
i i+m+k1P _m+2k _ i i+p, i+m+k m+2k _
[zl [mi+1 ] zi+m+k+1] = [$1z1+1rz+p+k+1 z+m+k+1] =

W +2k o m+2k
- xfxzﬂk—(m—p)ﬂ zy Ty,
P P
= [[ m+k] xziilj_l] . O
Remark 1.4. If i € N,, is fixed, then either [x]"™"]? =
holds in p—zero (m + k, m)—semigroup (Q;[ ]?).

= [ppgmth pmt2k P
p+2k+1 T 1%p+k+1"m+k+1 -

= z; or [e]"T*)} = zigs

Proposition 1.5. If (Q;[]) is a projection (m + k, m)—groupoid which is also an
(m + k,m)—semigroup, then (Q;[]) is a p—zero (m + k, m)—semigroup, for some
0<p<m.

Proof. Let [z7"**] = a;. Theni<jandm—i<m+k—j,ie i <j<k+i.
It follows [zi’”k] = Zitq, where 0 < ¢ < k and

+m+k]  mt2k mA+k
[551 [IZ+1” ] $T++m+k+1]i = {$ZiT+ ]Z. = Tg+itq = Tit+2g-

We will consider two cases: A) m < k and B) m > k.

A) Let m < k.

+k7 .m+2k —

Al Leti+q > m,ie. let i+q = m+t, wheret > 0. Then [[z[""*] 2700 ]. =

= Tmtktt = Titqrk- Since (Q;[]) is an (m + k, m)—semigroup,
+mtk] me2k k

[93(11 [$Z+'1” ]ﬂ?"?;ﬁkﬂ] = [[=" ]wmi}i';l] hold in (@;[]) - Then ziyzq =

= Zirqrk S0,i+29=1i+q+k, e ¢=k. Finally, [2]"""] = zi4.

A2. Let i + ¢ < m < k. We have [zf [:v}c"_;i”‘]]Z = B
(o4 [zt ] ezt ] = (o (2], implies that 20, = 2ia.
So,i+2¢=1i+gq,ie ¢=0. Finally, [z m+k]L = ;.

B) Let m > k.

Bl. Let i+q > mie. i+q = m+t, where t > 0. We have [[ ] zzii’il]z =

= Tmtkt+t = Titqik. Then Tijoy = Tijgrr. S0, 1+2¢=1+q+kie q=k.
Finally, [z m+k] = Titg.

B2. LetH—q <m.

B2.1. If i + ¢ < k, then [z} []'}*]]. = 2i4. So,i+2¢=i+qie ¢=0.
Finally, [z m+’”] = @,

B2.2. Let k < i+g < m. Then, [[z]"**]an 128 ] = [a:;"+k]i+q implies that

m—+k . m+k m+2k N g+m+k|  m+2k _
[xl ]z+q - [l:xl ]xm+k+1]i - [11 [xq+1 'Lq+m+k+1 g = Tit2q-
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Let j be such that i+(j—1)g < m and i+jq > m . Let i+jq = m+t', where t' > 0.

m+k — m+kl , .m+2k _ o o
Then, [mx ]i-{-(j—l)q = Titjq, [[Il ]xm+k+1]i+(j_1)q = Tmtk+t’ = Titjgt+k
+m+k| _.m+2k - q+m+k . —
and [ZIIq [$q 1 ] x . ] = [ 1 ] = Tg+it+jq = Tit(j+1)q-
1 | te+ g+m+k+1 i+(i-1)q q+ i+(-1)q J (j+1)q

Thus, i+ (j + 1)g =i+ jg+kie g=kand [z]"""] = zips. ]
Propositions 1.3 and 1.5 imply that there are exactly m + 1 projection
(m + k, m)—semigroups.

Remark 1.6. If (Q;[]) is a projection (m + 1,m)—groupoid then from the de-
finition it follows that (Q;[ ]) is an p—zero (m + 1,m)—groupoid and so it is
(m + 1, m)—semigroup. The following example shows that, in general, projection
(m+ k, m)—groupoid need not be an (m + k, m)—semigroup. The (4,2)—groupoid
(Q;[]) where [] is defined by [z}] = 23, is a projection (4,2)—groupoid, but not
a (4, 2)—semigroup.

2. (m+ k, m)—BANDS

Let (A;;[]9),i=1, 2, ..., t be (m + k, m)—semigroups. Their direct product is
an (m + k, m)—semigroup, where the (m + k, m)—operation [ ] is defined by

k
[zi'H' ] = y}" ST = (fﬂi,l, -'171',27---71:1',!), Y; = (yj,h?/j,z, -~-1yj,t),
Yjr = [zl,jzz,j,..zm+k,j]r , 1€ Nm+k,j c Nm,’l‘ € N;.

Definition 2.1. Let A, = (Ap; [ ]?) be p-zero (m~+k, m)—semigroups, 0 < p < m.
The direct product of Apm, Am—1, ..., Ao ts called (m + k, m)—band.

If (A xAm_1X...xAg; []) is an (m+k, m)—band then its (m+k, m)—operation
[]1is of the form

m+ky] _ . m _
[‘”1 ] =y & Ti= (371',1,331',2, ---,$i,m+1),
Yi = (%4,1, )25 s Tj,mt1—js Tjbk,mt2—js oo Litk,m+1)s 8 € Neyr,j € Ny

Proposition 2.2. An (m + k,m)—semigroup Q = (Q,[]) is an (m + k,m)—band
if and only if the following conditions are satisfied in Q:

k i A 7 )
(I) [x;n-*_ ]i = [y; lxly::::f lIi+ky;’r:_-};i1]i 1€ Nm;

j—11i—-1 k-1 m—i| k=1 m—j i—1 k—1\|j—1 k-1 m—j m—i
() 'e |azay a a z a =|laza |ayaza a ,
g J J i

for a fized element of @Q and j < i;
(i) l"al ["alz"alymaj] fal"a
ment of Q and j < i; ’
) [jalzk(—ll [ial ,*at zmd-i] mgj]
J

i—1 k-1 m—i
[a T a z a} , for a fized ele-

i 1

=1 k=1 m—j
ax az a |, fora fired ele-
i J

ment of Q and j < i;

(V) [’"%’“] =7
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Proof. Let Q be an (m + k,m)—band. Then directly from the Definition 2.1 it
follows that Q satisfies (I), (II), (III), (IV) and (V).

Conversely, suppose that the (m + k,m)—semigroup Q = (Q;[]), satisfies (I),
(II), (III), (IV) and (V), and a is a fixed element of Q).

(A) Let A4,, = { [ma_lxg} x € Q} and let [mcflmitli] € Apm, i € Nppyg.
Then: " "

Because Hmtfl T, g} [mﬁlmmH é] ] - [m51m1 3] [mz{la:m 3} y (Ami [ )
m m m m

is a left zero (m + k, m)—semigroup, i.e. an m—zero (m + k, m)—semigroup.

(B) Let Ao = { [Zz’"al] z€ Q} and [é‘m '”&1] € Ao, i € Npys. Then:
1 i

k m—1 k m—1 @ li-1 |k m—-1| k—=1|k m—1| m—i| (III)
ar, a e | O Tk @ =l|la |az; a a (axiyr a a =
1 144 1 1 i

i—1 k-1 |k m—1| m—i| (II)||i=1 k-1 m—i| k-1 m—1| (V)
=|aa a |QTiyk = aa a a a a Tiyr Q =
i 7 4 1

So, (Ao; [ ]) is aright zero (m+k, m)—semigroup, i.e. a 0—zero (m+k, m)—semigroup.
(C) Let

Ap:{:z:

m+k—1
_[ a :::] },1§p5m—l,andxj€Ap,j€Nm+k.
m

m+k—1 p—1 m+k—p p+k m—p-1
wEQ,z:[m a ] :...:[aa: a ] :[am a =...=
P

1 p+1

(C1) For ¢ < p we have
@ [i-1 k-1 —i i—1 k=1 [i—1 k—i —i| (IV
[$T+k]i: [0- Ti @ Tiyg "a l] = [la T; @ [la Titk m+a et (=)
3 1

i—1 k-1 m—i i—1 m+k—1i
=|lax; a a a = a x; a = x;.
i

i
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(C2) Let ¢ > p. Then:

@ [i-1 k=1 m—i im1 [i+k=1  m—i] k=1 m—i| (1)
[1:{”+k]i= aziazipa|=|al| a za a Ty a | =
i i i
i—1 k-1 m—i i+k—1 m—i
=0 a a Zijyr G = a Titp Q = Ti+k-
i i

We have [z7*t*] = bk . So, (4p;[]), 1 < p < m-—1,is a p—zero

(m + k, m)—semigroup.

m—1

(D) Let <|:m(;12,‘1 (l;.] 3 L2y .00y Ty, [(’izmﬂ a :| ) € Am XAm__1X...XA1 XA().
m 1

m—i k-1 i—1 )
Define: a9g = z1, a; = | @ @;—1 a ;41 a , 1 € Ny and fo = T4,
m+1—1
i—1 k—1 m—i| .
Bi = [(1 Tmt1-i @ Bi-1 @ ] i € Ny,
i
Then

k—1 m—1 k—1 m—-2| k-1 m—1| (II)
Qm = |lam_1 @ Tpmy1 @ = ||atm-2 @ T, a a4 Tpmyi Q =
1 2 1

[ k—1 k—1 m—1] m-2 k—1
= la@m-2 @ |Tm Q@ Tmy1 G a = |laom_o a [
1 2

[i—1 k-1 m—i] (1) (1) [m-1 k-1
=0 ap—-i Q@ ,Bi—l a = sy — a ap a ﬂm—l =
i m

m——2] (I (1)
a — e —
2

(a1 = k-1
=|a x a ﬂm—1:| = Bm.
m

Let p: Ay X A1 X ... X A; X Ag = @ be the map defined by:

m—1 k k m—1
¥ a ra 1 L2503 Tm, [ATm41 A = Qm,
m 1

m—1

-1k k
for any element <[ma 1 a] . e [azmH a ] ) € Ap X A1 X oo X
1

XAl X A().
(D1) Proof that ¢ is a well-defined map.

m

m—1 k m—1 k . k m—1
Let[a mla] =[a ula] , Tj = uj, j € Ny \ {1}, [awm+1 a] =
m m 1
k m—1
= |0Um+1 @
1
m—1 k m—1 k . s
Then, [ a 1, a] = [ a u a] implies
m m
m—1 |m—1 k—1 m—1 |m—1 k—1 (I11)
a Ira a = a uja a T =
m m m m
m—1 k-1 =1 E=d M
ry a I = a u; a Ty =
m m
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m+k m—1 k-1 (V)
T a u; a =
m
m—1 k-1

m
$1:[aula$1:| y
m

k m—1 k m—1 . .
ATyt G = |GUmt1 @ implies
1 1

k=1 [k m—1] m—1] [ k=1 [k m—1] m—1] (V)
Tm+1 @ |GT;my41 Q a = |Tm+1 @ |QUR4+1 A a =
1 dq L i 1
k—1 m—1] [ k—1 m—1] (1)
Tm4+1 @ Ty Q = |Zm+1 @ Upy+1 A =
1 L J1
m+k ] [ k—1 m—1| (V)
Tm+1| = [Tm+1 Q@ Umyr G =
J1i L J1
k—1 m—1
Im+1 = |Tm+1 @ Um41 G
L 11

m—1 k=1 '
Qo =T = a u; a ; &g = Ug
1 » ©0

m—1 k—1 m—1 |m—1 k—1 k—1 (III) | m—1 k—1
] = a ap a Ty = a a uy; a a Io = a u; a I
m m m

k—1

m—i = i—-1 m—i , k—1 i—1 ’
a; = a ;-1 a4 Tiyg a = a a; 1 4 Uiy a =,
m+1—1

m+1—12
1<i<m-1.

Then:
k—1 m—1 ' k—1 k—1 m—1| m—-1| (IV)
am = |[Gm—-1 @ Ty a =10, 1 @ |Tmt41 @ Upyr G a =
1 1 1

' k-1 m—1 ’
= 10n_1 0 Unpt1 G =a,,.
1

m—1 k k m—1
So, ¢ @ T1Q| ,Ta,...,Tpy, |ATpmy1 G =
m 1

m—1 k k m—1
=p a uya y U2y ety Uy, QUM QG s
m 1

(D2) Proof that ¢ is an injection.

Let
m—1 k k m—1
®Y a rja 1 L2500y Ty, ATy G =
m 1
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m—1 k k m—1 .
=g a U@l LU, .y Um, |GURL1 G ie. an, =a
m 1
. s
Since apmy, = o, it follows
k—1 k—1 —1f m-1 k m—1 m—-1| (IV)
Tm+1 @ |Qm—1 @ Ty Q a = |Tm+1 am 1 a Um+1 @ a =
L | 1 1 1
[ k-1 m—1 k-1 (I
Tmt+1 @ Tmy1 G = [Tm+1 @ Um4 "a! :>
L 1 1
" m+k k—1 m—1| (V)
Tm+1 = |Tm+1 @ Um+1 @ =
L 1 1
k—1 m—1
Tm+1l = [Tm41 Q@ Umy1 A .
1
Using this:
k m—1 k k—1 m—1] m-1] V)] k-1 m—1 k m—1
ATyt QA =0 | Tm+1 @ Um41 G a = |a a Uyt a =lAUm+1 a
1 1 11 1
Since B, = f,, it follows
m—1[m-1 k- k=1 [m—1[m-1 k= k=1 (111)
a azlaﬂml azr| =] a aulaﬁm1 a 1,
m “m L - m m
m—1 k=1 | [(m—-1 k=1 ] gg
a T a x = a u; a
dm L -m
m+k] (m-1 k-1 ] W)
T = a u; a I =
dm | | -
(m—1 k=1 |
r; = (l uy a r
L 4m
Using this:
m—1 k m—1 |m—1 k—1 k (III) {m—1 k—1 m—1 k
a ra = a a uy; a xp a = a u; a a = a uya
m m m m m

Let 2 < i < m. Since
—i k—1
Oy =

we have

[m k—1

m—i
a

m—
a
[m_

k-1

i—=1
a Qi1 a 5m—1 a

—i i1 -
a i1 a By a
m+1—i

iym—i , k-1 ,
[ a a;_; a ﬁm—'

i i—1
a Qj—1 a a;—1 a
m+1—i

i—1
:l [ a az—l a ﬁm—z a :| =a
m=+1—1 m+1—1i

1 i—1
a o;—-1 a

m+1—2

i—1
a

k—1 —1

i (I1I)
a a;-1 a

=

1

]m—}—l—i

a

m+1—1

k—1 -1

i i
a a;—1 a

a

1
(:>)

m+1—1i

-1
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m+k m—i , k-1 i—1 (V)
Q1 =]l a a_; @ a1 a =
m+1—i mtl—i
m—i , k=1 |m+1—i k=1 i—2 i—1 (Iv)
ai1=| a6 a;_; a a a;—2 a I; a a =
m+2-i m1—i
m—i , k=1 i-1
a1 =|a a;_; azx;a =
m+1—i
m+1—i k=1  i-2 m—i |m+1—i , k=1 =2 k-1 i—1
a @;j—2 a ITr; a = a a a;_o A U; G a x; a
m+42—i m+2—i ml—i
m+1—i k-1 i—2 m4l—i , k=1|m—i k-1 i-1 i—2
a a2 a4 T; a = a a; 5 a a u; a z; a a
m+2—i m+1—i mt2—i
Thus, we have
m+l—i k=1 |m+1—i k-1 i—2 i—2
a IT; a Q;—92 A4 IT; a a =
m+2—4 m+2—i
m+l—i k=1 |m+1—i , k=1 |m—i k-1 i-1 i—2 i—2 (Iv)
= a z; a a a;_o @ a u; a x; a a a =
m+1l-i m+2—1i m+42—i
m+l—i k=1 i—2 m+l—i k=1 |m—i k-1 i-1 i—2 (D)
a x; a4 T; a = a z; a a u; a r; a a =
m+2—1 m+1—1i m+42—i
m+k m+l—i k=1 |m—i k—1 -1 i=2 (V)
x; = a x; a a u; a T; a a =
m+2—1 )
m+1—i m+2—1
m+l—i k=1 |m—i k-1 i-1 i—2
T; = a T; a a u; a r; a a
m+1—i m42—i
. m+l—i k=1 |m—i k—1 i-1 i—2
Since z; = a z; 6 | awu azxa a and z;,u; € Amt1—i,
m+1-i m2—i
2 <1i < m, we have
mtl+k—i =2
T; = a r; a =
m+2—1
m+1+k—i |m+i—i k-1 |m—i k-1 i—1 i—2 i—2 (Iv)
= a a x; a a u; a x; a a a =
m+1—1

i-2 ()

m+1—1
a a =

k—1|m—i k-1 i—1
a a a u; a x; a
m+1—1:
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m—i |m4+l—i k—1 -2 k=1  i-1

=1 a a a a u; a a x; a =
L m+2-i mAl—i
m—i |m+1+k—i  i—2 k=1 i-1 m—i k-1  i—1

= a a Uu; a Ty a = a u; a r; a =
i m+2—i mbl—i m+1—i
m—i k=1 |m—i k+i—1 i—1 {V) |m—-i k-1 i-1

= u; a a r, a a = a u; a a a =
I m+1—i el —i m+1—i
m—i  k+i—1]

=|a u a J = u;.

m+1—1

Therefore,
k

m—1 k
a ria y L2y ooy Ty | AT m+1
m

i.e. @ is an injection.

(D3) Proof that ¢ is a surjection.

) - ([

:I y U2y oeny U, [
m

k
QUm41

Let £ € Q. Then [mc?lzZ] € A, and [gmmcfl] € Ag. We will prove that
m 1

:
i-1 [k+i m—i-1 mk—i .

a[am a ] a €A,1<i<m-1

i+1 i

1. If j < i then
j—1 li—1 |k+i m—i—1| m+k—i| m+k—j (H) i—1 | k+1 m—i—1 k—1

a |a |'az a a a = az a a

i+1 ¢ i+1
=T [t m—i=1 k=1 m—i i-1 [k+i m—i—1 m+k—i
=|lalaz a a a | =|la|laz a a
L i+1 i i+1

2. If i < j then

J=1 k—1m=j| m—i
aaa a a
J

k+j—1 1i-1 |k+i m—i—1| m+k—i|m—35| (1) |i—1 {j—1 k-1 |k+i m—i—1| m—j| k=1
a ajazx a a a | =1]a a a a azxr a a a a
i+1 . ) ; )
L 1+ i j i+1 j
i—-114 |j—-1 k=1 m—j| k—1 m—i—-1 mtk—i| (V) li-1|i k=1 m—i—1 m+k—i
=]la ja|laaaa a ax a a =la |laa a z a a
L J i+1 i i+1
i—1 |k+i m—i-1 m+k—i
= a a T [4 a
i+1 i
i—1 [k+i m—i-1 m+k—i :
So, a[az a ] a €A;,1<i<m-1.
i+1 .

Let

k+1 m-—2
o a r a
1

m+k—1
a

2

L4

k. m-—1
ar a

| )=an
1

i

m—1i

i

W)

(ar
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m—1 k—1|m—-1 k—1|m-2 k-1 (IV) |m—-1 k-1 |m-2 k-1 (I1)
= a r a T a aa = a T a r a aa =
m—1 mdm m—1
m—2 |m—1 -1 k—1 I) |m—-2 | m+k k—1 V)| |m—-2 k+1
= a a r azx a aa - a x a aa = a r a 3
m m—1 m m—1 m—1
m—2 k=1 |m—3 [m+k—2 k+2 (11)
as=| a a a a a a
m—1 =9 =i
m—2 k—1 -2 k=1 |m—-3 k-1 2 (Iv)
= a o a a a a a r a aa a a -
m=d m— m—1
m—2 k-1 |m-3 k—1 2 (II) [ m—3 |m—2 k— k-1 2
= a oy a a a aa = a1 a ra a aa =
L m—2 m=t m—1 m—2
m—3 |m—2 |m—2 k+1 k—1 k-1 2 (IIT)
= r a a za a aa =
L m—1 m—1 m—2
m—3 |m—2 k-1 k-1 2 (I) | m—-3 |m+k k-1 2 (V) |m—-3 k42
= r a za a aa = T a aa = T a
| m—1 m—2 m—1 m—2 m-

[ k-1 m—l:I H m+k—1.| k-1 m—l] (m)[ k-1 m—1J
Qm = |Qm-1 @ T a =|lz a azr a ='lraz a
1 1 1
m+k| (V)
x

1
and therefore ¢ is a surjection.

(D4) Proof that ¢ is (m + k, m)—homomorphism.
Let

9]

m—1 k k m—1 ;
v = <|: a xj, a] 1 Z5,25 o0y Tjims [axj|m+1 a ] ) € Apx...xA,; xAg,J € J\
m 1

Then
o ([+1,)
k m—1

m—1 k
=@ ([ a T a] y Li,25 oy Tim4-1—is Tidk m+2—iy--e» [aﬂ?i+k,m+1 a
m

I

1)
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i—1 k-1 m—i
=|a oam a Bi-1 a = Qm-
i

@M [i-1 k—1 m—i i—1 k—1 m—i
[ () -0 (Ym+r)l; = [’a 0 (i) a o (Yitk) a] = [a o, a ap a] -
i 1

i—1 [i—1 k—1 m—i| k—1|i-1 , k=1, m—i| m—i| (II)
— [a [a a_; @ Bi_y a ] a [a am_; a B, a a =
i i
i-1 , k=1 |i—=1 ,, k=1 _, m—il m—i| (IV)|i-1 , k=1, m—i
=laaqa,; al|laa, ;ap_, a a =laaqa,.; ap_, a =
i i i

= [16 Qm— ika Bi— 1ma_i.| = Q.
1i
Thus, ¢ is (m + k, m)—homomorphism.
Hence, (Am X ... x A1 X Ag;[ ]) = Q. O

3. A CHARACTERIZATION OF (m + k,m)—BANDS

In the sequel we will give a characterization of (m+k, m)—bands using the usual
rectangular bands, where a rectangular band is a semigroup (Q; *) that satisfies
the following two identities z xy xz =z %z and z * ¢ = z, for each z, y, z € Q.

Proposition 3.1. Q = (@; []) is an (m + k,m)—band if and only if there are
rectangular bands (Q; *;), i € Ny, such that

@) (E*xy) *xjz=2%(y*;2),j <4
(@) (z*jy)xiz=z%2,j <4

(tid)z *; (y*;2) =z %5 2,5 <4
and [z m+k] =z % Tigk, TP € QMR e N,

Proof. Suppose Q = (Q; []) is an (m + k,m)—band. According to Proposition
2.2, (I), (II), (III), (IV) and (V) are satisfied in Q. For a fixed in @, let *; i € N,
be an operation defined on @, by z *; y = [ a'z"a y"a 1] Then using (I), (II),
(III), (IV) and (V) we can obtain that (Q; *;), ¢ € N,,, are rectangular bands,
satisfying (i), (ii) and (i) and [z m+k]. = T; % Tipk, TOTE € QMR { e N,

Conversely, let (Q; *;), i € N,,, be rectangular bands, satisfying (), (i7) and
(i) and [z m+k]A = T; % Tipk, TP TF € QM i e N,.

Clearly, @ = (Q; []) is an (m + k,m)—groupoid.

In order to prove that @ = (Q; []) is an (m + k, m)—semigroup, we need to go
through the following three cases: (1) k = m; (2) k > m, ie. k=m +s,5 > 1,
and (3) k < m.

(1) [[ ] $32§+1] = [_,E%m]i *i Tamti = (Ti *i Titm) *i Titam = Ti *i Titom-
We will prove that {z{ [x?ﬁm] :c?i‘.z_mﬂ]i = i i Tigom-
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a) Let 1 <j. Theni+m < j+m. Weobtain, i +m=j+t for 1 <t <m. It
is also true that 1 +m =j+¢t <m+t. Soi <t. Then
- ; " (144)
[xi [zii?m] :”?T?m“]i T [z;i?m]t = T *i (Tjtt *t Tjgtam) =
=Ti ¥ Tjtt4m = Ti *i Ti42m-
b) Let j < 4. j < ¢ < m implies j < m. Let j +¢t = m, then ¢ = j + A\, where
1<A<tandi+m>j+m.

J j+2m 3m _ j+2m X . _
[z [”JH ] $j+2m+l]i = [$j+1 ])‘ *j4+ A Tj+2m+r =

(i)
= (Tjr *A Tjtatm) ¥j4+2 Tjt2mtr = Tjt ¥j+x Tjt2mt+r = Ti *i Tit2m-

Hence, [[zi™] 23m ], = [zl [ Jifm] x?i’?mﬂ]i ,for any i € Ny, 0 < j < m. So,
(Q; []) is an (2m, m) semigroup.

(2) [[x%m+s] x%migj—l] = [ ?m+s] *¥iTo2m+s+s+i = (1‘:‘ *g $i+m+s)*i$i+2m+2s =

i [ g+2
= ZTi*; Titam+2s- We will prove that [55{ [37;117”“] ?-T;-r:j-s-i-l]i = Ti*iTitom+2s-
a)Leti<j<m+s.
al)Let j <s. Theni+s+m>s+m>j+m. [z{ [x;i?m+s] x?—rf—n;.n%is+l]
= Ti* Tj42mts+s—j+i — Ti *i Tit2m+2s-
a2) Let s<j<m+s. Ifs+t=jthens+t<m+sie t<m. So,1<t<m.

a2.1)i <t. Theni+m+s <t+m+s=j+mandj <m+s<i+m+s<j+m

[Il [m]+2m+s] z3m+2s ]

J+1 j+2m+s+1
= QIS-H [ J+2m+s] [mj+2m+s] [$j+2m+s] [z_j+2m+s] 3m+2s 1
Ti+1 1 i+l m—t L 1 m—t41 i+l m—tyt JTIMESHL [
- j+2m+s . -
=T kg [$j+1 ] =Xk (-'L'j+m—t+z' *m—t+i zj+m—t+i+m+s)
m—t+i
Since ¢ < m — t + i, using (¢iz) we have
(4i)
Zi *i (Tjpm—t+i *m—t+i Tjtm—thitmts) — Ti *i Tjpm—t+itmts =
= Zj *; Tstt+m—t+itm+s — Ti *¥; Ti42m42s-
a2.2)i>t. Theni+m+s>t+m+s=j+m.
i |.J+2m+s| 3m+2s
[371 [xj+1 ] I]+2m+s+l]
_ s+t [ j+2m+3] [ j+2m+s] [ j+2m+s] [ j+21n+s] 3m+42s
= |\ T soe | % i T T 3
[ 1 j+1 1 j+1 - j+1 m—t+1 j+1 m—tt jt+2m+s+1

i
=T % Tjpomtst+i—t = Lj ¥ Tsti42m+s+i—t — Li *i Tit2m+2s-

b) Let i = j. [z} [¢Zf3™**] 23St ], = T % Dipameits =00 % Teromaze-
c)i>j. Thenzgmlmpliesthatm>j. Let j+t=m. So,i=74+A1< A<t
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(clearly, i + m + s > j +m). We have

j j+2m—+s 3m+2s _ Jj+2m+s e _
[ml [mj+1 ] j+2m+s+1]i = [$j+1 ])\ *i Tj+om+s+A+s =
= ($j+,\ *A -Tj+)\+m+s) *i Tj42mts+r+s
Since A < i, using (¢4) we have

(i)

(Ij+A 3 wj+/\+m+s) *i Tjomts+rds — Ti4x *i Tjromts+r+s — Li ¥ Titam42s-
Then [[ef™] efmi2e,]. = [:1:’1 [mﬁﬁm“] m?f;nfisﬂ] g for any i € Ny,
0<j<m. So(Q;[]) is a(2m+ s, m)-semigroup.

(3) Since k <m,let k+t=m,t>1.
First, we will prove that [[a:{"%] xﬂiiil]i = T; *; Tiyok.
a) Let 1 <t. Then i + k <t + k =m. We have
k 2%k k k
[[ﬂlﬁnJr ]«’Uﬁiiﬂ]i = [SET+ ]i *§ [$71"+ ]Hk = (@i *i Tivk) *i (Tik *itk Tit2k) =
= Z; *; (Titk *itk Tivor)
Since 1 <14+ k, (i4¢) implies that:
)
Ti *; (Titk *itk Tit2k) = Ti*; Titok.
b)Lett<i<m. Theni=t+ A 1<A<kandi+k=t+A+k=m+ A

[[ﬂwk] xziiil]z = [$1n+k]i *i Tonphiran = (B %3 Bign) %3 Tmphaa =

= T§ ¥ Tmt-k4+X = L ¥ Tipk+k+A = Ti % Tig2k-

Further on we will prove that [m{ [zj+m+k] Sk

Jj+1 j+m+k+1]i = T4 *; Ti4-2k-
c)Let i < j. Theni < j < j+timpliesi+k < j+t+k =j+ m. Moreover,
i+tk>k>jie j<i+tk<j+m. Leti+k=j+A(theni+k=7+A<k+X
ie. i <A).

We obtain

J Jj+m+k m+2k i
[“’1 [$j+1 ] $j+m+k+1]i =

|l jt+m+k Jj+m+k Jjt+m+k j4+m+k m+2k _
= [%%H [wjﬂ ]1 [xjﬂ N T it ™ T4 mx“’m“““ =

2
= T; *; [I;i;n+k]/\ = X; *; (.’l,'j+,\ ESN .Z'j+>\+k) .
Since i < A, (i4%) implies that:
(444)
Ti *q ($j+,\ *X CEj+/\+k) = Xi X Tjp a4k = Ti % Titk+k = Lg% Titok-
d) Let j < 1.
dl)Let j+1<i<j+tie.i=j+A 1< A<t
Theni+k=j+A+k<j+t+k=7+m. Also,i+k=j+A+Ek<k+A+k,
therefore 1 < A + k.

J | Jtmtk|  m+2k _ | dtmtk | dtrmatk
[”31 [”’j+1 ]mj+m+k+1]i = [mj+1 ]A *i ["’j+1

],\+k N
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= (Tj4x *A Tjpark) *i (Tjeatk ¥tk TjtAthtk) -

Since A < 4, using (i¢) we have
(14)

(Tjan *x Tigatk) *i (Tiaath Atk Tjaathtk) = Titx *i (Tjtrrk Fatk Titath+k) -
Since 1 < A+ k, by (i4i) we have

(id)
Zjgn *i (Tjprtk ¥Adk Tjtrrkek) = Tien *¥i Tjtatrk+k = Ti *i Tit2k-
d2) Let j+t<iie i=j+t+X\1<A<k—j. Thenj+t+k<i+kie
j+tm<i+k.

i [, g+mtk +2k _ [ i+m+k _

[5”{ [z;+71n ] mjnjrm+k+1]i = [$;+;n ]t+/\ *i Tjpmtk+r =
= (Tjttn %t42 Tibt+Atk) *i Tjbk-rtth+A-
Since t + A\ < 4, using (7¢) we have
(i)
(Tjtrtr *t+a $j+t+,\+k) ¥ Tjtpktt+k+A — Tjtt4+r ¥i Tjpkt+k+r = T ¥4 Tifok-
+k7 om42k 1 _ [ g [ j+m+k +2k s .
Then [[z]" ]x$+k+l]i = [x{ [xj+1n ] m;ﬁmMHL, forany i € N, 0 < j < m.
So, (®; []) is an (m + k, m)—semigroup, when k < m.

Since (Q; *;), ¢ € N,,, are rectangular bands, satisfying (¢), (4¢) and (4iz) and
[xi’”’k]i = T; *{ Tivk, m{"““ € QMtE, 4 € Ny, it follows that in (Q; []) (D), (ID),
(ITI), (IV) and (V) are satisfied.

Hence, according to Proposition 2.2, Q is an (m + k, m)—band. O
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