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RATIONAL APPROXIMATED MODELS OF CHAOTIC
OSCILLATORS

SONJA GEGOVSKA-ZAJKOVA, LJUBIŠA KOCIĆ

Abstract. A class of Sprott dynamical systems is considered, de-
scribed by a third order differential equations. The non-homogenous
nonlinearity is (2, 2)-rational approximation function containing free
parameters. The aim of this note is to study system behavior upon
variation of these parameters. It is shown that the complexity of gen-
erated regime changes from quasi-periodic to chaotic dynamics. Ade-
quate numerical examples are provided.

1. Introduction

A very well known Poincarè Bendixon theorem stated that autonomous
first-order ODE with continuous coefficients could not have bounded chaotic
solution unless it is at least three dimensional. The classic example is the
famous Lorenz’s model of atmospheric heath conduction (1963)[1]

ẋ = A(y − x),
ẏ = (B − z)x− y,
ż = xy − Cz, A,B,C ∈ R.

Rössler (1976) simplified this model by making use of toroidal topol-
ogy thereby gained restriction of the number of terms to six and only one
nonlinearity. In 1997 Linz showed that systems proposed by Lorenz and
Rössler can be transformed in the following form:
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(1)
...
x = J(ẍ, ẋ, x) ,

where J is called jerk function, after the third parametric derivative d3x/dt3

of the displacement x which is called ”jerk”. Thus, in order to study differ-
ent aspects of chaos, the differential equation (1) can be considered instead
of 3D system. In 1994, Sprott underwent experiments with further re-
duction and simplification of chaotic systems, which inspired Gottlieb to
pose important question of finding the simplest jerk function that generates
chaos. Trying to further simplify J-function, Sprott [8],[9] considered jerk
functions of the form

J(ẍ, ẋ, x), = Aẍ + Bẋ + f(x) ,

where A, B are real parameters and f(x) is a simple nonlinear function.
He suggested the following nonlinearities:

(2)
f(x) = b|x|+ c , f(x) = b− c max(x, 0) ,
f(x) = bx− c sgn(x) , f(x) = sgn[max(x, 0)] ,
f(x) = sgn(x)min(|x|, 1) ∈ (|x|, 1) , etc.

where b and c are real constants. The usual physical meaning of f(x) is
characteristic function of a nonlinear element that is used in the dynamical
system. In these cases, for proper values of constants, Sprott found these
circuits having chaotic behavior, with all corresponding features like dou-
bling of periods (bifurcations), phase locking, inverse bifurcations and so
on. Our idea is to consider possibility of approximation of such functions by
some approximating function containing free parameters that can be used
to control the approximation closeness [2]-[5]. Here, for approximation of
Sprott’s functions, we will use rational approximation function.

2. Rational approximation

A (p, q)-rational curve, p ≥ 0, q ≥ 1, is the parametric curve given by

R(t) = {(x(t), y(t)) |t ∈ [α , β] ⊂ R} ,

where at last one of the coordinates x(t) or y(t) is a (p, q)-rational function
of t, i.e. the function given as ratio of polynomials with degrees p and q
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respectively, t 7→ Pp(t)
Qq(t)

. Then, every conic section can be described as a

(2, 2)-rational Bézier curve.

Let a (proper) triangle, called control triangle, is given by its vertices
P,Q and R in the plane. Then, a (2, 2)-rational parametric function is
given by

(3) c(t) = c(ω, t) =
Pb0(t) + ωQb1(t) + Rb2(t)

b0(t) + ωb1(t) + b2(t)
, 0 ≤ t ≤ 1,

where b0(t) = (1 − t)2, b1(t) = 2t(1 − t), b0(t) = t2 are elements of
quadratic Berstein basis. The real number ω, called weight, is associated
with the vertex Q of the control triangle. Then, the parametric curve c(t)
is a segment of a conic section that interpolates vertices P and R (Figure
1). The classification of conic sections upon the weight ω is given in Table
1.

P

Q

R

Ω<0

Ω=0

Ω=1

Ω>1 weight conic section
ω > 1 hyperbola
ω = 1 parabola

0 < ω < 1 ellipse
ω = 0 line segment
ω < 0 complementary segment

Figure 1. Table 1.

Since the ”jerk” dynamical system (1) can be described as

(4)
...
x + Aẍ + Bẋ = f(x),

the function f(x) appears as an inhomogeneity factor. Therefore, it has
considerable influence on behavior of the system. This influence is even
augmented by the presence of C1 or C0 discontinuity of f(x) (one of those
given in (2)). The (2, 2)-rational parametric function (3) can be used to
smooth down the discontinuity which, as a result should have milder dy-
namic and diminishing of chaos degree.

Setting P = (p1, p2),Q = (q1, q2) and R = (r1, r2), the parametric vector
form of (3) can be recalculated to bring the univariate form
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(5) fω =
r2m

2(x) + 2q2ωm(x)n(x) + p2n
2(x)

[m(x) + n(x)]2 + 2(ω − 1)m(x)n(x)
,

where

m(x) = p1 + x(ω − 1)− q1ω +
[
(p1 − x)(x− r1) + ω2(x− q1)2

]1/2
,

n(x) = r1 + x(ω − 1)− q1ω −
[
(p1 − x)(x− r1) + ω2(x− q1)2

]1/2
.

To achieve approximation of inhomogeneity function f(x) in the vicin-
ity of the breakpoint x0, it is advisable to take p1 ≤ q1 ≤ r1 and p2 =
f(p1), q2 = f(q1), r2 = f(r1), and f(x) is then replaced by

(6) f∗(x) =
{

fω(x), p1 ≤ x ≤ r1

f(x), otherwise .

Now, the numerical solution of the modified Cauchy problem

(7)
...
x + Aẍ + Bẋ = f∗(x), x(0) = α, ẋ(0) = β, ẍ(0) = γ,

is seeking. Having impact on the degree of smoothing of the discontinuity
of f(x) , the real parameter ω will have influence on solution of (7) and
thereby, on the dynamics of the system itself. But, note that only nonneg-
ative values of ω will be useful, since only fω(x) for ω ≤ 0 really does the
smoothing of f ∈ C0 or f ∈ C−1. By increasing the value of ω one can ob-
tain a closer approximation of the discontinuity. Assuming the symmetric
data at x ∈ {−ε, 0, ε}, (ε > 0), from the function f(x) = |x| are taken, the
approximating function becomes

fω(x) =
ω
√

ε2 + x2 (ω2 − 1)− ε

ω2 − 1
,

so that

‖fω − f‖∞ = fω(0) =
ε

ω + 1
,

which implies lim
ω→∞ ‖fω − f‖∞ = 0. This is a nice property of parametric

rational approximation: the convergence can be controlled just by changing
a linear parameter, without increasing the degree of approximand.
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3. Numerical examples

According to the peculiarity of rational parametric approximation, as it
is shown above, the function fω(x) approximates discontinuity of inhomo-
geneity f(x) in the ”jerk” dynamical system (4) by smoothing it down. The
lower values of ω yields a more parabolic-like functions. So, it is to be ex-
pected that the chaotic dynamics for lower values of should be less chaotic.
In order to test it, some numerical experiments will be carried out. All
examples have been done by employing the Wolfram’s MATHEMATICA
6.0 package.

Example 1. Let us consider a circuit described by the initial value problem

(8)
...
x + aẍ− ẋ = b|x− 1|+ c, x(0) = ẍ(0) = 0, ẋ(0) = 2,

where a = 1.1, b = 1.9, c = −2. The jerk function is f(x) = 1.9|x− 1| − 2.
A numerical solution of (8) shown in Figure 2 suggests chaotic behavior of
the circuit. The range of time variable is [0, 150]. Here, part a) represents
a graph of jerk function while parts b) and c) give the attractor i.e. (x, ẋ)
projection of the attractor in (x, ẋ, ẍ)- phase space respectively.
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Figure 2.

For the purpose of approximation, we choose three sampling knots: x1 =
0, x2 = 1, x3 = 2. Thus, the control polygon will be

{(0, −0.1), (1, −2), (2, −0.1)}.
Choosing ω = 1.05, the parametric rational function is obtained

c(1.05, t) =
{

2.1(1− t)t + 2t2

1 + 0.1(1− t)t
,
−0.1(1− t)2 − 4.2(1− t)t− 0.1t2

1 + 0.1(1− t)t

}
.
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Elimination of parameter t yields the function

fω(x) =
1017

(
106.47− 10.1159x + 5.05793x2 − 32.4677h(x)

)

−2.5353 · 1017 + 5.6259x + 2.81475x2 + 8.11692 · 1016h(x)
,

where h(x) =
√

10.7561− 2x + x2. Function fω(x) approximates f(x) over
the interval [0, 2]. Now, the right hand side of the modified Cauchy problem
(7) is replaced by

f∗(x) =
{

fω(x), 0 ≤ x ≤ 2
f(x), otherwise

and which, for 0 < x < 2, have the following asymptotic behavior:

fω(x) ∼ 1064.7− 101.159x + 50.5793x2 − 324.677
√

10.7561− 2x + x2

−25.353 + 8.11692
√

10.7561− 2x + x2
.

Now, the approximation function f∗(x), given by (6) is well defined, and
one can look for the numeric solution. Our solution is displayed in Figure
3 for ω = 1.05, 2.0, 3.0, 4.0 and 8.0.

The graph of the corresponding C1 function is shown in Figure 3 (a),
while parts b) and c) give the attractor i.e. (x, ẋ) projection of the attrac-
tor in (x, ẋ, ẍ)- phase space respectively. As it is expected, the attractors
obtained exhibit typical chaotic features: non-periodicity, laminar struc-
ture and bifurcation grouping of trajectories. The large value of ω ( ω = 8)
gives approximation function that is closest to the original modular func-
tion f(x), and thus, the attractor is close to the original Sprott one. As
ω decreases, the attractors becomes more calm and regular, because the
derivative of the new inhomogeneity function increasingly differs from the
discontinuous derivative of f(x).
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Figure 3.

The next example repeats the pattern of the Example 1.

Example 2. We consider a circuit described by the initial value problem
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...
x + 0.6ẍ + ẋ = f(x), x(0) = ẍ(0) = 0, ẋ(0) = 0.1,

where the jerk function is f(x) = sgn(max(x, 0)). Its numerical solution
with the range of time variable [0, 150] is shown in the first row in Figure
4. In the second and third row in Figure 4, the graph of approximation
function f∗(x), the attractor and its (x, ẋ) projection for ω = 1.05 and 8.0
are presented.
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4. Conclusion

In this paper the dynamics of ”jerk” dynamical systems is studied upon
variation of inhomogeneity function that appear in the third order differen-
tial equation describing the system. The primary inhomogeneity functions,
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used by Sprott [8], [9], [10] are simple piecewise-linear functions chosen so
that the chaotic dynamics they generate is ”minimal”. Here, the behavior of
Sprott ”minimally” chaotic systems is examined upon having the inhomo-
geneity function approximated by a (2, 2)-rational function with the shape
parameter. The role of parameter is to control approximation closeness.
In this sense, rational approximation is considered to be more than high
order polynomials or other transcendent functions. The whole palette of
Sprott’s C1 or C0 discontinuous functions like |x|, sgn(x), Heaviside (step)
function etc.- functions that might not even have a uniform polynomial
approximation at all. Some illustrative examples have been presented.
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RACIONALNI APROKSIMATIVNI MODELI
NA HAOTIQNI OSCILATORI

Soǌa Gegovska-Zajkova, ǈubixa Kociḱ

Ap s t r a k t

Vo trudot e razgleduvana klasa Sprotovi dinamiqki sistemi opixa-
ni so diferencijalna ravenka od tret red. Nehomogenata nelinearnost
e (2, 2)-racionalna funkcija koja sodr�i slobodni parametri. Celta na
ovoj trud e da se prouqi odnesuvaǌeto na sistemot vo zavisnost od ovie
parametri. Poka�ano e deka kompleksnosta na generiraniot re�im se
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menuva od kvazi-periodiqna do haotiqna dinamika. Teoretskite rezul-
tati se ilustrirani so soodvetni numeriqki primeri.
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Nǐs, Republic of Serbia

E-mail address: ljubisa.kocic@elfak.ni.ac.yu


