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TOPOLOGICAL OBJECTS IN HOMOTOFY THEORY
5. Zdravkovsks, Shopje

L Introdaction

A topologleal ohject in 2 eategory C consists of an object X
in that category together with a topology on the sets Mor(Y, X}
Ior wach ¥ < Ob C g0 thal Mor ([ | X} Lhus delines o funclor from
C to the category of lopological spaces and conlinuous maps.

There are st lepst two cases of intorest in homotopy theory
of such topological objects.

1. For n space X, let i denote Sullivan’s profinite complotion
s
af [t [9). Then for each space ¥, the set [¥, X] of homotopy classes
A

of maps ¥ —= X has o compact Hausdorfl tolally disconpected lo-
pology which i natural with respeet ta Y.

2. (B, H. Brown) Let H be & generalized hemology theory
in the category of CW specira [1]. Let Ch denole Pontrjagin's cha-
racter functor. Then the composite Ch*H ks 8 generalized coho-
malogy theory with values in the category of eompoct Hausdordf
abglign groups and continuous homomorphisms. Let He b the spec-
trum represcenting I Ch=f, where IJ is the funcior that [orgets
the topalogy. Then for any spectrum Y, |¥, H] moy be glven a
natural compact Hausdorll topology, namely that of Ch-HY (¥).

Let © be the estegory of CW eccmplexes and homotopy classes
of maps, Lei X, ¥ = ObC and let [¥, X] denote More (¥, X).
In Section 2 we propose o definition for the representability of
a functor [ , Xj:C— categary of compact Hausdorf! spaces and
continwous maps by giving X some extra structure aliowing one
to infer from it the topelogy on [Y, X] for each Y. The definition
is the following: if K is o Kan simplicial compact Hausdor!l space,
then for each simpliclal set L the set (L, K) of simplicial mapae
L=~ K has & natural compact Hausdorfi topology and so has dhe
set [L, K] of homolopy classes of such maps. Mareover the topo-
logy on [L, K] depends only on the homotopy type of the reali-
zation of L. Let | K denote the realization of K consldered ss a
simplicial set and let Sin ¥ denote the singular complex of ¥, By
dofining a topology on [, | K[} =0 that the natural composition

-
[¥, |Kl|—['Sin¥| K|]=[SinY, K]
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is a homeomorphism, K defines & compact Hausdorff object in
C. Then we say that [ , X] Is representable {f there i a Kan
simplicial ccmpact Hausdor{f space K such thai there is a natural
equivalence (of topological space  valued functors)  between
i . |K}] and [ . X].

Sectlon 3 shows thal a Kan simplicial compact Hausdorff L-
-preapecliunt [Lhe simplicial shject corresponding to o topological
fd-spectrum  but with the additlonsl strueture described above)
defines a generalized cohomology theory with values in the cate-
gory of compael Hausdorfl abelian groups and continuous homos
merphismes.

In Seclion 4 the representakility of such & theery is proved.

I wizh to express my desp gratitude to professor J. F. Adams
for much help and encouragement in the preparation of my doc-
toral thesis of which this paper is part.

2, Topologlcal ohjecis

In this section wo give the definition of & topological object
in a category and show how simplicial spaces define various such
objects: in the category of simpliclal sets, ithe homotopy cate-
gery of simplicial sels, ete.

21, DEFINITION. An obfect B in o category C together with
a topology on the sets Mor{d, B) for each A < ObC 18 said to
be o topologicel ohject in © if Mor( , B} thus defines a functor
Jrom C to the category of topological spoces and contintous mapa,

22 EXAMPLE. Let K= {K, n=0} be a simplicial topo-
logical space and let L = {L,, n2=0} be a simplicial soi Lat
(L, K} be the set of maps in the calegory of simplicial sets
from L to the simpliclal set underlying K. Then (L. K) may be
considered a8 & subset of the produet space

I (Kl
ize

We define the A-topelogy on (L, K] t0 be that which it inherits
#5 a wubspace of this product space.

Note. We shall sometimes write Mor (A4, Bjy to mean that
Mor (A, B} Is considered with the X-topology,

2.3. EXAMPLE, L&t X be a Han simplicial space, Lot L
be a simplicial ze1. Let [L, K] be the sel of hamotopy classes of
simplicial maps from L o K. It i 8 gquolent set of (L, K).
We define the B-topology on |L, K] to be that which it inherits
as a quotient space of (L, K)4.

24 LEMMA If K ir a Kan simplicial compact Hausdorff
space, L o simplicial set, ther the topology on |L. K] defined above
iz compact Hamadorff.
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Proof. Compactness is easy Lo check. Indeed. (L, K) is a closed
subspace of a product of compact spaces, and [L, K] is a quo-
vent space of (L, K]

In order to prove Housdorffness it is enough to show that

ihe map
ai(l, K)y—=[I, K]

i8 closed. For under the conditions of the lemma (L, K} iz compaet
and Hausdoeff and therefore normal So [L, K] as its image under
A cleaed map would be normal, But every point in (L, K) is
cloged, so [L, K] would alss be T, and therefore Hausdorff

Now 1o prove that o 15 a closed map, fliest note that the ope-
rator d in the simplicial spaee RO

dy 2 (K = (K

is a closed map. Indeed, (K'Y is compact, dy is closed. Bat L d;
& 8 chowed map, so & o For all we have to check is that the
set G of all maps L —+ K each of which is homotopic to somae
map In an arbitrarily given closed set F o (KU = (L, K) is closed.
Now @ iz given by G = didy"F ([7), Proposition 6.2), and since
dyy is continuows and dy is closed, the result follows.

For a simpliciol set K, let | K| denote the reslisation of K.
For a topelogleal space X, let Sin X denote the singular complex
of X. It is well-known that | | and Sin are adjoint functors. Fur-
thermore, if K ts Kan, Sin| K| has the same hemotopy type as
K:if X is a CW complex | Sin X | is homolopy equivalent io X.
Therefore, for X a CW complex and K a Ksn simplicial set, thero
is & 1—1 correspondence

[X, | K|]= [Sin X, K]

where [X, |K|] denotes the set of homotopy <lasses of maps
from X to (K|

25 DEFINITION. Let K be o Kon simplicial space and let
X be o CW complex. Let | K| denote the realization of the simpli-
el set underlying K, We deflne the C-topology om [X, |K!]
o be that which corresponds under the 1—1 corvesponrdines defi-
ned ghove to the B-topology on [Sin X, K]

2.6. EXAMPLE. Suppose K is & Kan simplicial compact Hous-
dorif space; let L be a simplicial sel, and take X =|L/| in the
above, Then we obisin the C-topology om [|LL (K|l

27. LEMMA. Under the 1—1 correspondence [L, K]—
—+[|L], |Kl] given by fi—| | for each | = |L, K], the B-tope-
lagy on |L. K] corresponds to the O-topolegy om [I L), | K]
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Proof. The canonical map L —=5in}L| induces & continuous
I—1 map from [L, K] to [Sin | L |, K]. Bath spaccs being compaet
Hausdorff, this map ia 1 homeomorphizm. Now the diagram

&k 1 e, kn

[Sin | L] K]

where the right hand side isomorphism dofines the C-topology on
H Ly K, implics the lemmo

2.8 DEFINITION. Let K he a simpliciol spoce and et | K |r
demote the realization of K remembering the topology on the sets
K. Let X be a CW complex. Define the B-topology on [X, [K|]
in the following way. It is o guotient epace of the epoce of con-
tinuous maps (X, | K1)} considered ae o swbapoce of (X, K
with the compact open lopology. It is sasy fo see that thiz defines
o topological object in the homotopy catepory of CW complerves,

Given a simplizial set L, there 12 0 map
Rl Kle—[ILL [K{]n

defined by fp] = [l !] for any <= (L, KL

2.8, PROPOSITION. Lot K be o Kan simplicial compoet Hous-
dorff space, L a simplicial set. Then the map R defined above s
CotinsonE,

Proaf. The diagram

KB —® Ll KD
}
LK) —® ,[IL] |KI]

where the botlom spaces ate quotient spaces of the fop cnes, im-
plies that it is enough lo check that R iz continwous

Take an elementary open set [C, ) in {| L] K|) given by
{C, @) = {f:|L —+ |K!: fiC)=0, C compact in |L|, O open
m % s}

Since C is compact there are a finite number of closed cells,
5y o, ... 0 of L| covering O, Denote Cy=C N m. Let 5, ..., 8
be the nondegenerate simplices of L eorresponding to ey, . .. ok
Let p:L—+ K be such that |p|< (C, O). We have to show that
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thers is a T!E‘Jghbﬂl.‘l:l’hﬂbd. M of ¢ in (L, K} such that [or each
B ML l|| =0, O) Fix 4. Each == (e T is contained In a
subset of O oi the form

oFf N .

where 3f is open in the space of the standard r-simples . {r]
and N:'. is zn open neightourhood of g8 in K (here v denotos
the dimension of ). The sets ﬂ|: )’.H:, cover g (T when
x ranges over all points of |4 {[(C). Since the latter is compact,
there are finitely many poiois xy, ... o S | ¢ (C) which deter=
mine a finile subcover. Lot

o= RN,
.

N

Put M= {p:L+K :yp=N_,, i=1.. .k} The sl M is
open in (L, K} and ¢ = M, Furthermore, the realization of ench
w in M iz in (C, Q) becauee for each v € C; such that ||yl =~ =
we have

lw| @) = OF xN,, =Of %N, =0,

210, COROLIARY., If K iy o Kan simplicial compact Haua-
dorff apoce, [X, [K|]p i compact,

211, COROLLARY. For any CW complex X, the identity
function [X, [K le—=[X, | K|]o is continuous

Proof. Let L be a simplicial set whose realieation is homo-
topy equivalent to X, Now use the diagram

x iE|le 1%, [ K] ]a
bt bt
LLl [Ella L]y BN e

Proposition 20, and Lemma 2.7

2312, REMARK. Although the D-topology is in general coar-
ser than the C-topalogy, they agree when K is an inverse limit of
Kan simplicial finite sets.

2.13. DEFIMITION. A contraverfont compact Housdorff space
volued functor F on the homotopy category of pointed CW comi-
plerer is said to be represemtable if there is o pointed Kon sim-
plictal eompact Hausdorff space K sich that F iz saturally equi-
valent to [ , |K]|]e

214. EXAMPLE. Let F=H"( , G) = HG* be the n-th co-
homotogy functor [B] where G is 8 compact Hausdorff abelian groap.
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Then F is representable in the sense of Definition 213 and the
representing object is the Kan simplicial compact Hausdorff space
EM (7, n) defined by

(EM [, m))y = 20 (0 [q). Gb

where Z° (4 [g], G) 1= the space of n-cocycles of the standard g-
-sirplex with values in the eompact Hausdorf! abelisn group
3. This slmplicial space |5 the classical Eilenberg-MacLane com-
plex of tvpe (G, nh
We now state two facts that will be needed in what follows,
2.15. Faet. The inverse limit over a small filtering cate-
gory of non-empty compact Haosdorfl spaces is non-emphy.
This in proved by showing that the inwerse limit lim F, of

e
a ddagram of compnet Housdorff spaces F, indexed by a sioall
filtering calegory J is isemorphic to the inverse limit Mml; of
=

]
campaclt Hausdorf! apaces Iy indexed by a directed set D, Then the
result is classieal ([1], Proposition 8, 1L0G).

216 Fect. A compect Hausdorff object ¥ In the homotopy
eategory of CW complexes is uniquely determined by its values
on the full subcalegory generated by finite complexes.

Indesd,

[X, ¥]2lm X Y]

where Xp runs over the finite subcomplexes of X [9]

This remark sllows ona to claim that a natural transforma-
tion betwesn compact Hausdorf! objects s continuous just by
checking that fact on finite complexes.

3. The sinble case

The aim of this section I8 to show that a Kan simplicial
compact Housdorff L-prespectrum defines & compact Hausdorff
object in the stable homotopy categery of pointed CW complexes.

All spaces {simplicial or topological) are geing fo be pointed.
The base point will usually be denoted by » .

We oeed lhe definition of the leoop space of a simplicial
space, This, lke some other that follow, is completely analogous
to the one in the category of simplicial sets. S50 much ao, In faet,
that we shall often call upon a definition or result from |[6]
or |7] when what we really mean I3 the corresponding one In
the category of simplicial spaces.
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31, DEFINITION. Let ¥ be o Han simpliclal spece, whese
« la the only verter of Y. Define the poth space of ¥ to be
the pimplicigl spece PY, by letting 1:¥, ) —= (P¥)s be & homeo-
morphisrm of spaces ond by defining o = ddid Log=igi!
(M="izmn). Define o simplicial mop p:PY T by pigpyy, =
= gyep i1 and Let the loop space LY of ¥ be the dmplicial space
LY =p=l {«}*

It is ewsily wverifled that p = a Kan fibratlon of simplicial
spaces and therefere PY and LY are Kan simplicial spaces (|7],
Propasition 7.3 and 75). Moreover PY is contractible: as usual
use the extra degeneracy map of Y.

3.2 DEFINITION, Let X be a simplicial set with base point
o, Define the guspension EX of X ax in [6], 4 e lec P be the
HAmplicénl et with emactly owe wor-degemerote simplexr &, for
epery n> 0 Let
(EXDa
= {fo, ®}:a< X, b= P, o0 and dim o + dimP =n—1)}

The fore and degenerecy operalors are given by

difo, B) = [y o, @) b= i=p
{a, d; p_,d'l] p=i<gmn
i, 8 = {[IJD. ) D= p
[0 B pmpeg T} p==i=,

{where p = dim o) whenever this mokes sense, and difo, §)=»
othertiiee,

Mote that for X a simplicial set there is 8 canonical homeo-
morphism between |EX| and the topological supension S| X!
[[A], Proposition 2.0} and for ¥ a Kan simplicial spaee for which
LY is defined, | LY | is homolopy equivalent 1o the topological leap
space YL

33, FROPOSITION. There is a continuous natural fzomor-
phism & [EX, Thi—{X, LY)y where X i5 o simplicial set ond
T & Ken simplicial space. Thiz tromorphism passes fo homatopy
clazees to pire a notwrol isomorphiem [X, LT].I,E"[E‘I. ¥

Indeed, 8 is given by & f{r) = [{x, By where [i1EX-=¥
and £ X, p and §[x, 9 is regarded as an element of (LY} g

34. PROPOSITION, Let ¥ be a Kan simpliciel compact Hous-
dm—” Space, with = the only werter im iy path component. Then
[ . |LY|le iz & compoct Heusdorff group volued functor om the
komatopy category of OW compleres.

*:rrunntm:ﬂnﬂ'hut-Ll-ll:l].ll.‘hrunl\rwmmhpnmm-
ponent, then by LY we mean the functoe L appdied fo thai compenent only
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Progf, By Lemma 2.7 and Fact 2.16 wo need cnly show that
[X, LY)n 18 & topologieal group when X 8 & finite simplicial set.
Look instead at [EX, ¥] which iz naturally homeomorphic te
[X, L¥]s under & homeomorphism preserving the group structure.
Take simplicial approximations n and ¢ to the obvicus maps

—t
|EX|— EX|Y|EX| and |EX — |EX| say p:(EX)—EX Y EX
and ¢ :(EX)"— EX. There are simplicial maps ¢ : (EX) -+ EX and
w:[(EX)" — EX each of which is homolopic to a homecmorphist.
Therefore ¢* and y* are homeomorphisms. The multiplleation and
inverse on [EX, Y] are then the compositions
Tt

[EX V EX, Y)ou [EX, Y] % [EX, Y] {EXY, Y] = [EX, ¥)
and
o ters
[EX, ¥]—- [{EX)", Y]— [EX, ¥]
which being compositions of induced maps are continuous.

35 DEFINITION. A Hon simplicial sompact Heusdorf] Le
-prespectrum consistz of o sequence {K., #:ln >0 of Hon simpli-
cinl compact Houwlor[f spoces and continuous mops i Ke—
—+ LK.y 80 that =, are somorphisms of simplicial spaces.

16 PROPOSITION. Let {Ke #alnz0 be o Kan simplicial
compact Hewader(f L-prespectrum. Then {[ . |Kolle {xdalnz=0
iz a generalized cohomology theory on the homolopy category
of CW complexes with values in the category of compact Haus-
dorff abelian groups.

Proof. The functor [ . |Ka|l: is compact Hausdorff group
valued by Proposition 3.4, Now the homotopy, exactness and sus-
pension axioms follow from the fact that they hold algebraically,
all the srrows are defined via induced maps and the maps
(sl snd that [X, | K. le are compsact Hausdorff spaces.

Tha last proposition leads one to make the following definition.

i.7. DEFINITION. A comport Housdorff generalized cofomo-
logy theory (A% »*} on the komalopy cotegory of CW comple-
res iv soid to he representable if there iy o Kon simplicial com-
pact Hausdorff L-prespectrum {H., ».) such that K, represents
A" in the sense of Definition 213, and the suspension transfor-
maticne ore induced by the maps .

38 EMAMPFLE Let & be a compacl Haosdorfl abelian
group. Then the ordinary eohomology HG* with coefficients in
7 has a natural compact Hausdorl! topology [5]. As remarked in
Section 2, HG® iz represented by EM (G, n).

Claim, One can define maps «, : EM(G, n)—= LEM {3, n + 1)
o that {EM{ G, n}, s} n =0 form an L-prespectrum.
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Indeed, the appropriste maps on the chain lewel ©, (d [g]) —
= Co.afd]g + 1)) induee maps g LEM (G, n 4+ 1)— EM (G, n)
which are izomorphisms of simplicial compact Hacsdorff spaces
for they are
i} maps of simpliclal sets
ii) continuous and
iii] both EM (G, n} and LEM (G, n + 1) are minimal.

Now take ey = g .

1. Represcotability of compaet Haosdorfi cohomology theories

In this section we prove the following

4.1. THEOREM. Girem a generalised rcokomolngy theory
& on the homotopy cotegory af CW complerer with velues in
the category of compoct Hausdorff obelion groups and contimuwous
homomorphisme, there is o sequence of Hon simplicial compoct
Houpdorff spaces [Ya) n 0 such that & ¢ s represented in the
senae of Definition 213 by Ve

We shall use some facts announced in [3] that we list below.

Let Ch be the Pontrjagin duslity functor from the category
of locally compact Hausdorff abelian groups to (teelf, defined by
Ch G = Hom (G, R/E), where R/Z is the additive group of reals
madulo the integers with the wsual topology. The functor Ch has
lbe follvwing properties.

fi} Ch ls exact
{4y Ch Mmd, = LmCh G, whers O, are discrels Eroups

(heey Ch gends compact groups to discrete omes and vice verss
(te) Ch-Chow Id

For any topological spectrum & et & * and &, denole the
cohomology and homolegy theories associated with L A seript
letter will be used for & topologleal spectrum and an italle one
for en L-prespectrum,

Given n spectrum ¥ it is ossy to sec using (¢h (i) and (i)
At Ch-#, is an additive cohomology theory with walues in
the category of compact HausdorIl abelian groups. Let & denote
the spectrum corresponding te U+Ch- &, whore U is the func-
for that forgets the tepology.

Conversely, let F* be a compact Hausdoril group valued co-
homology theory. Then for any CW complex X, F (X) = lm F* (X)

where X; runs over the finite subcomplexes of X [lo see this,
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observe that the right hand side, considered as a functor of X
satisfies the wedge and Mayer-Yietoris axboms and is therefore
representable; applied to the spheres it agrees with F*, so by a
theorem of J. H. C. Whitehead it is naturally eguivalent ta F*.
Therefore Ch=F* i3 an additive homelogy theory corresponding
fo & specirum %, Usiog (iv) il I8 elear that F* s Ch%,.

Let & denote the sphere spectrum,

Buppose we find a Han simplicial compact Hausdorfl L-pre-
speclrurm {35 , on Yn >0 representing in the sense of Definitlon
17 Ch*%.. We clpim thsl one can then consiructk a B LEETLOE
{Ta Jnz0 of Kan simplicial compact Housdorfl spaces repre-
senting each term of & given compeet Hausdorf! cohomnlogy
theary @,

Indeed, given a compact Hausdorlf cohomaology theory & 0
take & representing Kan simplicinl set prespectrum for &, =
= Ch=%r. This con be done by taking a topological f-spectrum
corTesponding to %, and then applying the functor ssingulor com-
plexs (for details see [B]). We get a Kan simplicial set prespec-
trum {¥e ) nzo.

I A is a simplicial set and B i a pointed simplicial set,
let their semi-smash product A-BF be defined as In ([6] Defini-
tiom @4} There s a map j:A-EB—+E({A:-B) which iz notural
and an isomorphism (8], Propasition 6.8).

Further, if both A4 and B are pointed simpliciel sots, lot
AMEB be the simplicial set obiained from A * B by identifying
the simplices of the form (g, # } and { #, B} with the appropriate
degeneracy of the base point. Let A-B denole the simplicial set
ohtained by performing Kaon's identifications ([8], Diefinition 8.4)
on A A B, This does aot change the homotopy type of A A B sinee
{in the notation of [6]) t; are inclusions and p is a homobopy
eguivalefes,

Lot (8§ + )% be the simplicial space with
[[8 % & ¢ 1¥), = space of sitnplicial maps A[a] ¥, — S5+,

with usual face and degeneracy operaters induced by . [g— L]+
= Alg] snd Afg +1]—~A[g] (1[g] is of course unpointed). A
suitnble modification of the proof of {{T), Theorem 6.8) shows
that {S% 4% is Han

Now for each r define a map (%, rP":-[-'Sfcn.-_1 ¥ by
W df) = (0% o - —1 )~ adfoint of [f*{1 adjeint of 4..1}*§~"] where
TS e ar ™y o iLSkyr = 8kar—r. Take Y & to be the
Inverse Imit of the inverse svstem {[ST ., V", w}r=0 .
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If A in a pointed simplicial sof, it follows from the functo-
rlality of =-=< amd the definitlon of a simplicial set that there

is an isomarphism (A ¥e, S5+ chme A, (514 M Therefore

[4, lim (S§+ "] oplim |4, (554071

i -

r T
sglim[AAY, Si doslimChem, (AAYS)

v v
SR Chelimag. (A AY]}
r

S Ch Che (& [1A])
(¥ (4]

Before passing io the construction of the Kan simplicial com-
pact Haugderff L-prespsetrum {55 , og imn>0 representing
Ch* 5, we need one more resull from (3],

42 Fact. I & and & ¢ are topologieal f{l-specira corres-
ponding to % . and ¥ ~Ch- &,  thon thore is a natural algobreic
isamarphism 7« Chom () g . (39

The proof is casy:

Ao (W) g W S0 s [T Ch ¥ (5% g U Choy, ()

43 Congtrection of 5. I i3 a well-known fact thet the
bomotapy groups of the sphere spectrum are finite lor (=1
and that x, (&) o= Z

Now the Pontrjagin dual of & finite group @5 & finile group
and ChZ oy RIEZ

By fact 42 % ¢ has non-trivial homotopy groups only in
non-positive dimensions and they are all finite but for

Ao {5 e Ch 2 o RIZ.

Consider the Pretnikov fibre 5, of the homobegy theory 5,
got by killing the only non-finite homotepy group of 3.

We shall first show that there I8 a Kan simplicial compact
Hausdorff L-prespectrum representing in the semse of Definition
3.7 the eohomology theory Ch=-5,.

In order to do this, take a topological fl-spectrum represen-

ting U=Ch*%,. Apply the singular complex functor fo that
[-apectrum to get a Kan simplicial sel prespecirum [6]. Choase
& minimal omne in it, | e for esch n choose a minimal Kan sim-
plicial set that is & strong deformation retract of the n-th term
of the above Kam simplicial prespectrum, and take the obvlous
structure maps.
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44. Claim, The resulting object :ﬁﬁ . tnz=n is a Han
simplicial finite set L-prespectrum.

Proof. The simplicial ok S,.. has finite homotopy  groups
and iz minimal, Therofore 55 is & simplicial finite sot: use [8]
Moore's way ol constructing it and the fact that EM(F, k) is
a simplicin] finite set if F is finite.

It remping to show that the structure maps a5 ' Sp—= LR 4o
are isomorphisms.

But the Kan simplicial set LS5 ., is minimal sinee B
was g0, Now the structure map ui '3# —ﬂ-L-S...H_ ig a ho-
motopy  equivalence since we started off with a topological f2-
-specirum. Since both 5§ and LEF .y are minimal Kan com-
plexes, 75 s an isemorphism ({[7]. Proposition 9.7).

Since E’: is a Kan simplicial finlte sct, we can consider
it as a Kan simplicial compact Hausdorff space, with the dis-
crete topology on ench [.Si k- We thus obtain & Kan simplicial
compact Hausdorff Leprespectrum -:§f| Goas ln=zo.

45 LEMMA. {55 . a8 'n=op represents Che 5, in the
senae of Definitior 3.7.

Proof. By Fact 2,18 il is enough fo prove the assertion for
finite CW complexes X. In that ease [X, (55 |]; is finite and
compact Hausdordf i e, dizcrete as indeed it should be

Wo now want to add the missing homatopy group to &

Let o, denole the compact Housdorff space of maps
EL -~ EM(RZ, n+ 1)
represenling the lasl k-invarianl of the =m-th term of the &
spectrum corresponding o Ch- &7,

Sinee £5 I3 diserele, any map § 5 — EM(RZ, n+1) is
eorbinwous,

Thera is & econtinuous mep #e—=a. | given by fi=LJ
The inverse limit lim &', i non=empty by Fact 115 Take an

-

El
element {falpzo in it. Take the pull back S5 in the cetegory
af simplicial speees of the path fibration

FIEM (R/Z, n + 1) — EM (RfE, 0+ 1)
by the map f.

46 Claim., The resulting object S5 s a Kan aieplicial
compact Hausdorfl space.
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Proof. Far the extension property see [7], Compaciness snd
Hausdarfiness follow from 55 belng a subspace, determined by
an equation, of a product of two compact Haosdorli spooes.

4.T. Claim, For each =n, there i5 an isomorphism
ap:Sp—=LE% . of simplicial spaces.

Proof, The lpn:tml..’i'a is the pull-back of
LPEM(REZ n+ Iy LEM(R/'Z n+ 1} by Lfs and to show
that LS: » mz=1 is isomorphic to S:_L [which iz the pull-

Fraw

=back of PLEM (R'Z, n 't I)= LEM [R/Z, 5+ 1) by Ljs = fu.i1)
&

it I# emough 1o give an isomorphism L PEM (RFZ, n + 1)—

i

- PLEM(R/Z, n+1) over LEM(R/Z =n+1) Heesll that

(EM (RSZ, n+ 1)), = Z=*1 {4 [q]. R'Z). Define a map gy:d[g]—~

~d[q] by (0 1,...q=1 gl l....,q q—1} This mduces

an isomorphisen g* : EM(R'Z, m+ 1) = EM (R/Z, n + 1) which is

not simplicial but commutes with all bot the last two face and

degeneracy operators, and such that dy_y = devpg, dy =dyo1vpg .

Therefore g* deflines a simpliclal isomorphism

o

L PEM (RIZ, m + 1) — P LEM (R/Z, n + 1) over LEM (R'Z, & + 1)

Take these mape o5 83 structure maps of the L-prespectrum
we are eonstructing.

To complete the proof of the theorem L remains 1o show
that For each CW complex X, Ch+% . (X) and [X, |55 1) are
isomorphic as lopological groups in a natural way.

48. LEMMA. There in o unique homology theory h, 8 L

B . T - — 5 . ig erucl
LECN!

Note, Here ¥ 2, denodes ordinary homology with coclficienis
Z (compare Example 2.14). The script letter is used conforming
to the notatiom of this section,

Proof, Simee the homotopy groups of & are finite, there
16 & natural isomarphism

lim (X5 #, =X, F.] ™
&
for each CW complex X, where X; runs over the finite subcom-
plexes of X [9).
By using Spanier Whitehead dualily as ls done in 'Se{:r.inn
B of [10], one sees that the ecohomology theories h* 5 * and
A Z* corresponding te the representing spectra h, ¥, A Z
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of b, #,, #Z, but defined on finite CW complexes only, are
linked in the following exarct sequence

R e - B L L

It follows from the isomorphism (*) that the natural trans=

formation 3 £* — % *°1 of functors defined on the homotopy cate
gory of Ffnite complexes @s induced by a map of spectra
HE -

Take the fibre # of the map # Z— 5. Again. by the
isemorphism (] the composite transformation
h— o Z e P

is induced by a map of spectra h — & and that map is triviel.
Therefore, there 13 & map h— F which k& easily shown using
ihe five lemma and J. H C. Whitehead's thearem to be 8
hometopy equivalence.

Given a compoct Hausdorf! echomology theory &* lhere iz
an exact sequence ([4], p. 20

coos Gm]l e Hyimelg g Gl () G [+ DY
— G [m]Y —
where G [m]* are the Prainikev ferctors of G* defined by
G [m]v () = Im (G0 (x= e N — G (z= 7))
(here X' denotes the [-skeleton of X} and all the arrows are
continuous matural tronsformations since they are defined via
tnduced maps and the suspension transformations [4).
Applying 1hiz to Ck+ 4%, and faking m = —1 in the abave,
we get the exacl sequence [with notation as in 2.14)
v Cha 'y = BRI = Che = Ch Fy—= ...
Tho sequence EM( , B/ 21«5 = & of Kan simplicial com-
pact Hausdorff L-prespecira induces an exacl sequence
coe= L IERII=0 L |85 =1 EM+1, RiZ11—-...
By the construction of 3° there is a commutative disgram
e CReSF = Ch 3 e R Tt
i} 1k
ol L Sq =1 Sl L [ BMg+ L RID ) -
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where i 15 a natural squivalence by Lomma 4.5 and k is a natuaral
eguivalence by Example 2.14.

MNow apply Ch to the diogram above and use Lemma 4.8 to
complete the proof of the theorem.
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TOHIOAQIIEH OBJEKTH BO TEOPHIA HA XOMOTOIHIA

C. ddpasscecca, Caonje

Peanme

Tlos TonoaomikH ofjcKT BO eAHA KaTeropH]a noapasGHpase
ofjext X Do TRl EATETOPMjA MEANG OO TONIOADTH{L 130 REFIDREC-
cTugTa Mor (¥, X} aa cegoe ¥V < Oh O ok e Mor( . X)) na
10| HawitH aederipa dyHETOp oA O BO EATEMOPE{ATA HA TOROAGIR
-EH npocTopit H O Beiiperunati npecAlsyBdita.

Hema C e gateropufara of CW ROMIABECH W TOMOTOICEH KAS-
CH HA TNpecAEKYBara. Hewa X, ¥V < ObE ® neka co [V, X] ro
oanavmme Morge (¥, X). TMpeasosena ¢ asdHAHLIR]D 33 penpesce-
TRRAROCTR AR yukETop [, K] C— KaTeropujs Ha KOMITAKTRS
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HaycaopdoBn MPOCTOPH W HONPCEHBATH NPECARMKYDREG, o0 To
urro X ¢ cHafACHD OO ADARTHA CTPYRTYPE G4 Koja Mome i e
Apbie Tonoaorijata ma [¥, XJ aa cexoe ¥,

TMoxmsaps ¢ ackn Kanon cumpaopjassd xounakred Xayc
Aopdop L-mpecnexrpym (csamanmmjraneot ofjext xoj osrosapa
HE TOWOAMOEH LLCTISETPYM 130 00 ADADTHETH CTPYRTYRL CNOMHATR
morope} AcpHENpa resepasRIpAIn TEORM A KOXOAOAGTIE]E CO
AMBYCHEA B KATCFOPEIRTE 1A wounaeniod Xoycaopdoni afeacss
PYIA W enpeiaTn xososeopiduoasn, Ho xpojor penpeseitafies-

HOETE N3 BeTHTE & AOBKAHOHA.



